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Abstract 
We present an original method for the simulation of ultrasonic waves in a varying cross section elastic waveguide embedded in a
homogeneous matrix. The so-called multimodal methods consist in expanding the acoustic field in each transverse section as a 
series which involves the modes of a perfectly cylindrical waveguide with this particular section. For such a cylindrical 
waveguide, the modal components of the acoustic field are uncoupled. But a varying cross section yields a coupling of these 
components. A multimodal approach consists in solving the system of differential equations which couples these components 
instead of the propagation equations. 
Such methods have been extensively studied for closed waveguides, that is, when no wave can radiate in the transverse direction. 
In our case, radiation waves occur, because of the presence of the matrix. Actually, such an open waveguide is characterized by a 
continuum of radiation modes together with a possible finite set of guided modes. The multimodal method proposed here does 
not take into account this continuum, but uses instead the concept of leaky modes. These modes appear naturally when the 
computational domain is artificially limited by Perfectly Matched Layers (PMLs). The main advantage of using leaky modes 
instead of radiation modes is that the formers compose a discrete set, which simplifies considerably the implementation of a 
multimodal method. In the case of a simple two-dimensional scalar model, the basic ideas of such a method are presented and 
illustrated by numerical results. 
PACS: 02.70.Dh; 43.20.Mv; 43.40.Rj 
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1. Introduction 
We are concerned with the simulation of ultrasonic waves in a varying cross section elastic waveguide. We are 
interested in the case where this waveguide is embedded in another elastic medium (water, concrete, ground…), for 
instance concrete reinforced tendons. In such an open waveguide, the modes become leaky, the leakage resulting 
from radiations in the outer medium. 
Multimodal methods are well-known for the simulation of closed waveguides [3]-[4], that is, when the cross 
section of the waveguide is bounded so that no radiation occurs. These methods consist in expanding the acoustic 
field in each transverse section as a series which involves the modes of a perfectly cylindrical waveguide with this 
particular section. When the section varies in the longitudinal direction, the propagation equations turn into a system 
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of differential equations (with respect to the longitudinal coordinate) which couples the modal components of the
field. Compared with other methods such as a finite element discretization, the advantage of a multimodal approach
is to reduce considerably the number of degrees of freedom, which makes it very attractive for inverse problems
(shape optimization, non-destructive testing…).
For open waveguides, the same idea can be developed, but the expansion in each section now involves not only a 
finite set of guided modes (if any!), but also a continuum of radiation modes, which are precisely related to the
openness of the medium. Taking into account this continuum in a multimodal approach raises a lot of theoretical
questions, and would probably lead to a prohibitive computational cost. We have adopted another point of view
based on the now popular Perfectly Matched Layers (PMLs) [1]. The PMLs provide us a simple way for limiting
artificially the computational domain: their role is to absorb waves without creating spurious reflections. For our
waveguide, when we replace  an unbounded transverse section by a bounded section surrounded by a PML, the
spectrum becomes discrete: the eigenvalues correspond on one hand to the same guided modes, and on the other
hand, to the so-called leaky modes, which have been extensively studied in electromagnetism since the 50’s (see,
e.g., [5]). Thanks to this discrete spectrum, the use of a multimodal approach then becomes possible. The main
difference with the case of a closed waveguide is related to the spatial behaviour of leaky modes (exponentially
increasing), which creates numerical difficulties.
The paper is organized as follows. In §2, we present a simple two-dimensional scalar model for a planar
waveguide, and we describe the PML technique in this context. In §3, we introduce the concept of leaky modes and
show some numerical experiments. A brief description of the multimodal method that we have implemented is given
in §4 and illustrated by numerical results.
2. Two-dimensional waveguide model
We introduce a simple two-dimensional scalar problem which models the propagation of time-harmonic SH
waves in a varying cross section waveguide embedded in a homogeneous matrix. We denote by x the longitudinal
direction of the waveguide,  the transverse direction, and y ),,( yxuu  the component of the displacement in
the direction orthogonal to the considered  plane. Assuming that all physical quantities are invariant in this
latter direction, the time-harmonic elastodynamic equations reduce to
),( yx
 (1),RRin0)( 2 u  uu UZP
where )y,(xPP   and ),( yxUU  are respectively the shear modulus and the density of the medium. We
assume that these functions take respectively only a constant value in each side of a curve  which
represents the interface between the guide and the matrix (see Fig. 1): 
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Fig.1  The embedded waveguide.
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Owing to the discontinuity of these coefficients, it is implicitly understood in (1) that both kinematic and
dynamic quantities u and nu ww /P  are continuous across the interface (where n denotes the normal to this
interface). We assume that outside a bounded longitudinal region, say ),,0( Lx   the guide is uniform, which
means that h  is constant in both regions)x( )0,(f and ).,( fL
In addition to the propagation equation (1), we impose a free surface condition at :0y  
R.,0)0,(  
w
w xx
y
u
 (2)
The issue we are interested in is: what is the effect of the non-uniform part of the waveguide on the propagation
of a given incident guided mode (or more general excitations)? In other words, we search for solutions to (1)-(2)
which contain a known incident component for instance in the region ,0x  and whose remaining component is
outgoing. The way to characterize such an outgoing wave is far more intricate for a waveguide than in the
homogeneous space (where the well-known Sommerfeld radiation condition can be used). This question is beyond
the scope of the present paper.
A practical way to overcome this difficulty is offered by the use of the PML technique, which has numerous
applications in computational wave propagation, since the pioneer work of Bérenger [1]. For time-harmonic waves,
the basic idea of this technique has been used earlier in mathematical physics under the name of analytic dilation or
complex stretching. It can be interpreted as a complex change of variable, which transforms an oscillating function
into an exponentially decreasing function. Indeed, suppose that a radiation wave has a behaviour of the form
 in the transverse direction, for some real  Choose a complex number)exp(i ky .k D  and define the complex
variable ,~ yy D  so that the behaviour now writes as )./~exp(i Dyk  If we consider this function for real y~
(which is nothing but its analytic continuation), it becomes exponentially decreasing as foy~  provided that D
has a negative imaginary part.
Fig.2  The guide with PML.
The PML technique is the numerical counterpart of this idea. We bound artificially the unbounded propagation
medium by a layer where the complex stretching is applied (see Fig. 2). In this layer, radiation waves become
exponentially decreasing. If the thickness of the layer is large enough, imposing a Dirichlet (  or a Neumann
condition on its exterior boundary then affects only very slightly the solution to (1)-(2). From a
practical point of view, we just have to replace all derivatives
)0 u
)0 /( ww nu
yww /  in the direction of the stretching by ,y/ wwD
which is easy to implement in a Finite Element (FE) code. Equation (1) then becomes
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)bin a layer ,(R au where a is larger than the maximum of ),( xh and b is chosen large enough so that ucan
decay in the layer. This equation can replace (1) in the whole strip ),0(R bu  by considering D  as a function of
 equal to 1 below the PML, that is in  and to a given complex number in the PML. Written in this form, it
is implicitly understood that
,y ),,0( a
u and yu ww /DP  are continuous across the interface .ay 
Using PMLs also in the x-direction at the ends of the varying cross section part, i.e., at  and  yields a 
convenient way for solving our scattering problem by a FE method. Such an approach is efficient for short sections.
It requires a discretization of the bounded section surrounded by PMLs. But when the
0 x L ,
x-length of this section
becomes large compared to the transverse dimension, the numerical cost can seriously increase. This is the situation
where a multimodal approach can be interesting.
3. Guided and leaky modes
In this section, we consider the case of a uniform waveguide (with a PML), that is, when  is constant. The 
modes of the medium are the solutions to (2)-(3) for which the spatial variables are separated, i.e., of the form
)x(h
),xexp(i)( y EI where E  is a real or complex longitudinal wavenumber. This particular form leads to a one-
dimensional eigenvalue problem: we have to find ²EO   and a non vanishing function I  such that 
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We can distinguish two kinds of solutions to this problem, which yields the two kinds of modes we use in the
sequel. On one hand, a finite number of guided propagative modes may occur, provided that the celerity in the guide 
is smaller than in the matrix. They correspond to real negative .O  These modes are called guided because they have
a sinusoidal longitudinal behaviour. On the other hand, other modes can be found, the so-called leaky modes, which
are associated with complex values of .O  Such modes are now evanescent in the longitudinal direction. In the
transverse direction, they are also evanescent in the PML, but this behaviour actually corresponds to an
exponentially increasing behaviour in the original non-stretched -variable. This is an intrinsic feature of leaky
modes.
y
The numerical solution of (4) by a one-dimensional FE discretization is detailed in [2]. It is also applicable in the
case of a more complex stratified waveguide. In our simple case, we have an explicit dispersion equation which can
be solved by standard iterative algorithms. Figs. 3 and 4 show the locations of the O ’s in the complex plane in two 
situations. In both cases, the PML is in contact with the guide, that is, ,ha   its thickness is  and the stretching
factor
h2
D is exp(-iʌ/6)/4.
a) No guided modes occur (Fig. 3). This situation corresponds for instance to a metallic guide in concrete (e.g.,
concrete reinforcing tendons). Here U  and the celerity, given by ,/² UP C  are respectively 7,9g/cm³ and 
3,26km/s in the guide, and 2,3g/cm³ and 2,64km/s in the matrix. The frequency is 1MHz and h is 8mm.
b) Guided modes are present (Fig. 4). A typical example is the case of an optical waveguide. Here, considering
TM waves, ȡ = 1 and ²n/1 P  where the refractive index n  is 2,87 in the guide and 1,45 outside. The wavelength
in vacuum is 1,55μm, and  is 0,4μm.h
We observe that in both cases, there is a concentration of modes along a half-line starting on the real axis. This
line is actually the trace of the real continuous spectrum of the initial unbounded problem, associated with radiation 
modes. The complex stretching leads to a rotation of this continuum in the complex plane. And the fact that this
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rotated continuum becomes a discrete set of O ’s concentrated along a line is due to the truncation of the PML (if 
the PML had an infinite thickness, the continuous spectrum would remain).
The other modes are leaky. In both cases, we also show the real modes of the guide alone, i.e., when the matrix is
replaced by a Neumann condition at0/  ww yu hy   for the steel guide, and a Dirichlet condition 0 u  for the
optical guide. We notice that the formers appear as perturbations of the latters.
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Fig.3  Modes for a steel guide in concrete. Fig.4  Modes for a waveguide in integrated optics.
4. The multimodal method 
The basic idea is simply to use the guided and leaky modes as a basis for a representation of  in each 
transverse section. For each
), yx(u
,x  we can choose a finite set of solutions ),(),( xx nn IO  to (4) for the particular
section located at  A multimodal method consists in representing.x u as 
 (5)¦ 
n
nn yxxuyxu ).,()(),( I
Replacing u by this expression in (3), we obtain a system of differential equations in x which couples the new
unknowns  Several approaches are possible to solve this system.).(nu
One can use an explicit numerical scheme, which avoids the solution of a large linear matrix system. But
standard algorithms for differential systems will not apply in general, because of the presence of evanescent modes
which affect the stability of the scheme. The solution proposed in [3] consists in rewriting this system as a Riccati
equation for the impedance matrix, and using explicit algorithms adapted to such equations.
The method we propose is implicit: it avoids the question of instability mentioned above, but the price to pay is
the solution of a large linear matrix system. We use a FE discretization in the x-direction, which yields a mixed
FE/spectral method. The main ideas of the implementation are as follows.
In order to simplify the computation of the coupling coefficients, we first transform (3) by a change of variable in
the transverse direction:  In the new coordinates  the interface between the guide and the 
matrix becomes the line  and the inhomogeneity is transferred in the coefficients: the operator
).
,1 (
(/ xhyz  ),,( zx
 z ) P  is 
replaced by  where  is a 2x2 matrix.)( M ),( zxMM  
At the terminations of the bounded section, we use the so-called Dirichlet-to-Neumann maps, that is, the
impedance operators associated with both semi-infinite waveguides located at 0x  and  These operators
can be expressed explicitly by series using (5).
.Lx !
Then we write a variational formulation of the problem in which the representation (5) is introduced. Using a FE 
discretization along x yields a linear system BAX   where A  is a sparse block matrix. Each block involves
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coupling coefficients depending on the guided and leaky modes, which are calculated by a standard numerical
integration scheme.
In Figs. 5 to 8, we present some numerical results in both situations a) and b) described in §C.
a) First, we consider a steel guide in concrete whose section varies linearly from h(4) = 8 to h(16) = 5 (in mm).
We impose on the input section on the left-hand side a Neumann condition corresponding to a guided mode of the
steel guide alone. Fig. 5 shows the evolution along x of the modal components . Fig. 6 represents the
corresponding displacement field which is reconstructed thanks to (5). The field is clearly attenuated as
)(xnu x increases
(all modal components decay), for the energy is radiated in the matrix.
b) Then we deal with an optical waveguide (infinite in both directions) whose section varies linearly from
h(0.75) = 0.15 to h(1.75) = 0.075 (in μm).We consider the case of an incident guided mode. The same quantities as
in case a) are represented in Figs. 7 and 8. On the input section, the field is localized inside the guide. The effect of
the narrowing of the guide is a spreading-out of the field. This is due to the fact that if h  decreases, then the
considered incident guided mode get closer to the cutoff of the guide (that is, the origin of the radiation modes).
Such a situation is delicate to deal with, because the field decays very slowly in the PML, and spurious reflections
appear on the exterior boundary. This can be observed in Fig. 7: for  the modulus of the dominant modal
component should be constant, for the guide is uniform in this region. The slight oscillations derive from these
spurious reflections.
)(x
,35!x
Fig.5  Modulus of the modal components in case a). Fig.6  Real part of the acoustic field in case a).
Fig.7  Modulus of the modal components in case b). Fig.8  Real part of the electromagnetic field in case b). 
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